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usually increase this positive miss distance. The unbiased pro-
portional navigation missile experiencing sustain thrust cutoff
shortly before intercept may thus develop a large positive
angle of attack during terminal éncounter. For large crossing
angles this may rotate the missile longitudinal axis to the ex-
tent that the effectiveness of the warhead is s1gn1f1cantly
reduced.
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Introduction

ISSILE homing performance can be seriously degraded

by boresight radome errors whose slopes generally show
large variations. Thus, to increase homing performance and
target intercept capability, in-flight radome error calibration is
essential to overcome the restrictions imposed by radome
errors. This Note presents a self-learning network scheme
with afi adaptive real-time estimation using a Kalman- filter
bank design for the switching env1ronment for high- altitude,
high-speed threat. ‘

- Adaptive Radome Estimator Design

An adaptive Kalman filtering bank in the switching environ-
ment is used to realize the changing processes in a radome
slope. The rate of sw1tch1ng is assumed to be considerably
slower than that of the bore51ght error (observation) sampling
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rate. That is, by assuming the rate of positive-negative ra-
dome slope switching to be smaller than the data sampling
rate, the estimation scheme can be reduced to the design of a
bank of Kalman filters, each matched to a certain radome
slope configuration. Actually, following the adaptive -filter
formulation in Refs. 6-8, the random switching of the
unreliable plant, i.e., the radome slope is modeled by a semi-
Markov process.

A semi-Markov process is a probabilistic system that makes
its state transitions according to the tramsition probability
matrix of a conventional Markov process. However, the
amount of time spent in each state before the next transition to
a different state is a random variable. It is this property of a
random switching time that distinguishes the more general
semi-Markov process from a Markov process. The multiple
statés mentioned above are actually chosen to typify the ra-
dome slope in the positive, zero, or negative slope reglons
Thus, by proper choice of the state and modéling of the transi-
tion processes, we hope to realize the variations of the radome
slope as a randomly switching, semi-Markov process.

 The general adaptive filter, as shown in Fig. 1, essentially
consists of a bank-of three Kalman filters, each matched to a
pos51b1e plant configuration U, (i=1,2,3). The filter outputs
are weighted. by a time-varying a posteriori probability to ob-
tain the radome error- slope estimate. The bank of three
Kalman filters has the deterministic inputs U, =U, =0.02
deg/deg, U,=U,=0.0 deg/deg, and' U;=U_=-0.02
deg/deg to characterize the three plant configurations in the
positive, zero, and negative slope regions, respectively. That
is, the filter estimates from each filter in the bank are furtheér
weighted by calculating the a posferiori hypothesis. prob-
abilities. It is the probability of a given hypothesis that the
radome slope is around certain U, value, being true.condition-
ed upon the past measurements. Slnce during actual flight the
unknown plant configuration (due¢ to polarization effect)
might randomly switch at random times, we have to model the
random switching of the radome slope parameters as a semi-
Markov process. The a posteriori hypothesis testing involves
the three conditional probabilities )

Priy =P, (Upy=U, 1Zy 4 1)
Poir1=Poy(Ups1=Uy1Z, )

Pyivr1=P_(Ugp =U_ 12,0 )) ¢y

where Z,,; denotes the collective events of all the past
measurement history up to time ¢, ,, i.e.,

Zie 1= 20220 0 2 Zicr 1} = {ZpoZh 1} @

Equation (1) actually states that for a new boresight datum
Zy. 1 that just comes in, we want to test a global hypothesis to
see whether the datum indicates that the plant configuration,
or the radome slope, is near the positive, zero, or negative
slope region. It is a global instead of local hypothesis because
it depeénds on the time history of the data, as shown in Eq. (2).
Thus, the a posteriori conditional probabilities should be
calculated recurs vely to reflect all the past data dependence.
The detailed formulations are given in Refs. 6 and 7 and are
shown below for j=1,2, 3, ds.

P, i 1=P(24.1 \Up ;= U, Z,) X normalizing factor

3 B
E P X8yt — 1)1 3)

in terms of the recursive time index k. The normalizing factor
is the inverse of the sum of the three a posteriori conditional
probabilities. The transition matrix JC; from state U, to U, is
symmetric and is based on the semi- Markov statistics. Thls
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renders a very simple form for in-flight real-time computation
and eliminates the computer storage problem that grows with
increasing time in the conventional Markov process approach.
The first term on the right-hand side of Eq. (3) furnishes the
adaptive learning feature of the system. It actually ‘‘tests’’ the
new boresight data z;,; to check the probability of being
within each plant configuration, i.e., whether it corresponds
more to the positive or negative slope region. This conditional
probability can be approximated by a Gaussian density for
those cases in which the probability of a transition occurring
between any two adjacent sampling times is very small. As
pointed out in Ref. 6, the actual density is not Gaussian, but is
in fact a weighted sum of Gaussian densities. However, it was
determined experimentally from computer simulation that
even when the plant randomly switched -as often as the dura-
tion of several system response times, the Gaussian approx-
imation was quite good. The mean and variance of the Gauss-

ian density are recursively determined by the bank of Kalman -

filter estimates and the associated filter covariance.

Now we come to the discussion of the linear state dynamic
equation in Kalman filter modeling, based on the seeker bore-
- sight data measurement. Define the look angle as

B=0—y - ON

where ¢ is the true line-of-sight (1.OS) angle and ¢ the body
pitch angle. The measured LOS angle can be denoted by o,
and is given by

0, =0+0,(B8)+noise (5)

where o, is the radome aberration error with explicit look-
" angle dependence. Thus the time derivative of the measured
LOS to the first-order linearization approximation can be ap-
proximately written as

do,

a6K3=¢'7(1+r)—r!l/ ©®

Gp=0+

where the radome local slope is chosen as

do,

r=—aB—

M

This is the state to be estimated. & is the true LOS rate and ¢/
the pitch rate. Assuming a type I radio-frequency tracker we
can derive

é+Ke=g ®)
The boresight error e is noisy and the derivative can be per-

formed only through a higher-order differential filtering
scheme. K, is the seeker loop gain. Thus the measurement
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Fig. 1 Adaptive radome error slope estimator (one-state, three-bank
Kalman filter). .
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Fig. 2a Comparison of estimated and actual radome errors after
matched guidance filtering for sawtooth model.

.04

RADOME SLOPE (DEG/DEG)
o

-.04

0 2 4 i 6 g 10

Fig. 2b Estimated and weighted radome error slopes.

1.0

,
4
’
\
+
’

R T
-

A POSTERIORI PROBABILITY

]
- LinitLto e .
P
.

o

NE
b T~

TIHE

Fig. 2c A posteriori probability for adaptive radome error
estimation.

equation can be formalized as
Z=r-H+v C)]
Where Z is the smoothed LOS rate from the guidance filtering

(of at least second order) output. The measurement partial H
is defined as

H=-y : (105

where \Zx is the smoothed value of { passing through the same
guidance filter. In Eq. (9) the measurement noise » is the zero
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mean white noise Gaussian process with the spectral density
“equal to the LOS measurement noise spectral density M, i.e.,
the boresight angular data noise sigma value. For small look
angles (181<10 deg), the sequential correlations of the
radome error slope can be modeled simply as a random walk
process (the correlations are not consistent enough to be
modeled),

U
%= Wi—r i=1,23 (11

where AT =1, ,—1, and W is a Gaussian white noise process
with plant noise variance defined as, using the Dirac delta
function,

E[W(t)-W(r)]=0Q(8)-6(t—7) (12

where Q(?) is given by the associated standard deviation from
table look-up, if available, and may be time varying. In Eq.

(11),
ar 4 ( do,
W'E( % ) (13

is of higher-order dependence on ¢ but is neglected in the
linear filter approach. The first-order pitch rate dependent
term is already included in Eq. (6). For actual flight the auto
correlation function for the radome error slope tends to stay
constant, rather than exponentially correlated such as that
modeled by the Markov process. This is because the typical
radome error dependence on look angle is sinusoidal. Thus,
the radome error slope can. best be modeled as random walk

Xy =Xty (14)

The weighted plant input

3

U= Y, U-P, (15
i=1 .

actually represents Aa very smoothed version of the radome

slope estimate and is used in a feedback version [i.e., Uin Eq.

(15) is used in Eq. (16)] to generate a “predrctlon term” SO

that Eq. (11) is modified to become )

dr z-UH U;
i/ B 16
& 3 t AT (16)

The ‘‘prediction term’’ accompanied by the system noise
variance is derived based on =6~y at zero LOS, hence
dr/dt=measurement residual/8, where the measurement
residual is equal to Z—U-H. This additional term has
demonstrated improvements in the estimation procedure. The
plant noise variance Q is generally determined on-line with
radome mapping table look-up. However, for simplicity we
assume that Q is identical for the three-plant configurations
and can be calculated in the first cut as the table look-up value
with respect to the zero mean radome slope. Thus, with the
same boresight measurement noise variance R for the three
filters, we can easily show that the three Kalman gains are
identical if we start with the same initial filter variances. Using
the a posteriori probability as the weighting function to weight
the estimator outputs and assuming that the weighting coeffi-
cients change very little from sample to sample, i.e.,
P, ;. j =P, (this assumption is not well justified if the slope is
rapidly changing from sample to sample), we can obtain’

fk+1=‘1"fk+Uk+Kk+1'[5k+1+¢_"1’"k+12/'0k] 17

where ® indicates the operation of radome mapping process
and becomes unity in case of no available satisfactory map-
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ping data, i.e., without the prediction term introduced in Eq.
(16). Now we essentially reduce the bank of three filters to a
single filter with weighted plant input U given by Eq. (15).

Closed-Loop Analysis for Adaptive
Radome Estimator

The adaptive estimator results in terminal flight based on an
open-loop guidance simulation are plotted in Fig. 2 for a
sawtooth radome error slope model. The sawtooth radome er-
ror slope model corresponds to the radome error model as a
triangular wave function of 8, i.e., the radome error varies
wrth the LOS as seen in Eq. (5). In Frg 2a, the broken curve
W 10 represents the sinusoidal body pitch rate dependence in-
troduced in the simulation. The dotted curve 7F-H is the
reconstructed radome error and follows very closely the
boresight error (actual data) Z shown in the solid curve,
despite the large noise level chosen (at 0.5 deg/s 1o level). It
has the tendency of cutting the corners when Z goes through
sharp spiking behavior. Figure 2b compares the actual radome
slope in solid curve r with the estimated radome slope in
broken curve 7. A response lag of approximately 1 s can be
identified. The estimated slope also tends to overshoot when
the actual slope changes sign abruptly. The reason that the
estimates degrade near 3 and 8 s is a nulling of the missile body
pitch rate, which characterizes the radome error slope sen-
sitivity and provides excitation for the estimator. The
weighted plant input U, as shown by the dots, follows the
general trend of the slope estimate and can be denoted as a
further smoothed-out. version of the estimated slope. The a

‘posteriori probabilities for each plant are shown in Fig. 2c. In

Eq. (3), P, +Py+P_=1. In actual flight only the negative
and positive slopes need calibration, hence in actual im-
plementation of the in-plane radome error calibration scheme
only the positive slope probability P, and the negative slope
probability P_ are used. Therefore, here we normalize the
results so that P, +P_ =1. The zero slope probability P, is
still shown here to indicate the trend. Besides the 1 s response
lag, the probabilities yield strong indications of the polarity of
the slope. For instance, P_ reaches 98% at about 1.2 s after
the slope switches at 0.8 s. It starts to degrade because the sen-
sitivity parameter ¢ is getting smaller and thus reduces the
variance or confidence level (which is related to the a
posteriori probability) in the changing environment.

To check the adaptive filter performance against realistic
data, hybrid simulation runs have been made with all the rele-
vant angular information for the specific plane recorded. A six
degree-of-freedom simulation was employed with the head-on
engagements chosen at 1 deg heading error. There is a 0.5
deg/s 1o noise level on the LOS rate. The rate gyro bias of 0.05
deg/s appeared on the LOS rate as 6y,;,,. The radome error
slope was a fast-changing process with the signals switching
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several times. The body pitch rate manifests more flailing
behavior as can be seen from the broken line W 10 in Fig. 3.
The reconstructed radome error curve 7-H, as shown by the
dots, still follows very closely the boresight error (the solid
curve Z). The comparison of the estimated slope and the ac-
tual one was very difficult due to the ambiguity in the average
and local slope calculations during the hybrid run. By not
estimating the cross-plane slope simultaneously, we make the
missile roll attitude contribution inseparable.

After imbedding this adaptive estimator into terminal
guidance forward simulation program to perform the closed-
loop analysis, some encouraging results have been obtained.
Depending on the actual radome error and the approaching
trajectory, the improvement in the miss distance performance
index ranges 20-50%. In Ref. 1, the estimated radome error
slope is used in guidance and autopilot commands to provide
an optimal pitch rate compensation scheme for a modified
proportional navigation system and an optimal controller.?
Using P, the probability of radome error being in the

positive and negative regions, to scale the pitch rate compensa- -

tion for enlarging the radome stability region, has also
demonstrated reduced excitation in acceleration commands.

Conclusion

A Kalman filter bank is designed to enhance the dynamic
response time for the radome error slope estimate with com-
pensation for the seeker dynamic lag. In calculating the critical
weighting coefficients (a posteriori probabilities) a measure-
predict-measure technique is used when the semi-Markov
statistics of a random starting process are used to make the in-
termediate predictive step. That is, the resulting estimated

radome slope parameter is the statistical average weighted by’

time-varying, a posteriori hypothesis probability, which is
calculated concurrently with the recursive filter scheme by us-
-ing Bayesian rule. To reduce computation burden, the Kalman
filter bank is digitally simulated and designed by tuning the
noise processes, including the measurement and plant noise, to
allow a one-time calculation of the Kalman filter gain. The
simple one-state filter described above can be modified to in-
clude a correlation parameter for studying the cross-plane er-
rors. The bank of Kalman filters can be increased to five to
enlarge the dynamic range while reducing the system response
time simultaneously and to estimate the cross-plane radome
error slope simultaneously for three-dimensional engagement.
The adaptive radome estimator design is intended to be an
‘‘add-on” compensation network that is independent of
guidance computer and autopilot design. The objective is to
permit relaxation of missile bandwidth requirements by reduc-
ing error due to radome at the guidance computer output thus
enhancing missile performance.
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Controllability and Observability
of General Linear
Lumped-Parameter Systems
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Introduction
HE dynamic¢ behavior of a general linear discrete system

can often be represented by the second-order vector dif-
ferential equation

M (1) + Cx(t) + Rx(t)=0 8))

where M, C, and K are the mass, damping, and stiffness
matrices. Here, C and K are general asymmetric matrices that
include general types of forces (e.g., elastic, nonconservative,
dissipative, and gyroscopic).! Assuming M to be nonsingular
(i.e., det M#0), Eq. (1) can be simplified as '

() +CX() +Kx(£) =0 2
where

C=M-1C (3a)

K=M-1K (3b)

The presence of control forces modifies the equation of mo-
tion as

X+ Cx+Kx=f )
where

f=Bu ®

is the n, X 1 control vector and B is the influence matrix for the
n, control actuators. Additionally, if n, sensors are used for
separate or mixed measurements of displacement and velocity,
then the n, sensor outputs can be represented by

y=Px+Rx ©)

where y is the output vector and the matrices P and R repre-
sent the displacement and velocity influence coefficients,
respectlvely

It is well known that, based on a first-order formulatlon of
the system, it is possible to mathematically define the con-
trollability and observability of the system as?
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